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ABSTRACT

Using a new group of singular chains on polyhedra, a transfer map is defined
on the chain level for fibrations with singularities. These include usual
transfer on homology as well as Oliver transfer and other cases.

In the present note I would like to demonstrate how the ideas of Smith,
Munkholm and Oliver ([S], [Mu], [O]) can be combined to yield an elementary
definition of a transfer map on homology with a ring of coefficient R,
for certain PL-maps that I call here singular fibrations. A singular fibration is a
PL-map E - B that is a fibre map away from a “small” subcomplex W C B,
This transfer in addition to its conceptual simplicity enjoys the following
properties:

(1) Itis defined for a class of PL-map that includes, by virtue of results about
triangulation ([I}, [V]), the class X/H — X/G of Oliver, for HC G and X a
G-space.

(2) It is natural with respect to composition of fibre maps.

(3) It behaves well with respect to any decomposition of total space into a
union of two singular fibrations along a third one: If E =E, U E, with
E,=E,NE,where E, E;(i = 1, 2, 3) are all fibrations with small singularities,
then the corresponding transfers add up correctly, t =¢, + t, — t,.

Unfortunately, in order to define this chain level transfer in a natural way
one has to blow up the usual singular chains to a much bigger group that can be
called compact singular chains or compact chains for short. A typical compact
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singular chain in X is represented by a PL-map A, X L — X where L and X are
polyhedra.

0.1. THEOREM. Let m: M™— N" be a simplicial map of compact mani-
folds with N" connected that is a Serre fibre map away from a codimen-
sion two subcomplex W C N". Then nt admits a (co)-homology transfer map
T, H (N")— H (M™) with rt, o 1, = x(F)- 1, where F is a fibre away from W.

In some way this is just a sample result. The method could be used to give
transfer in other situations (see, €.g., Section 3 beiow).

Let us illustrate the use of compact chains as follows: A typical element in
the compact chain complex of X is represented by a map A, X K — X where K
can be any polyhedron, A, is the standard ¢-simplex and faces are gotten by
restrictionto A, _, X K. Let X — S' be a fibre bundle with fibre F. Then there is
an obvious ‘unfolding’ map u: A, X F— X over the gluing map A,—S",
presenting X as a mapping torus for some PL-homeomorphism F — F. It turns
out that, in the framework of compact chains, « is a cycle that can be taken as
the image under transfer of the canonical cycle A, — S' in C,(S?).

0.2. DEFINITION AND PROPOSITION. Denote by C,(X) the free abelian
group generated by continuous maps A, X A, — X subject to certain collapsing
relations (1.1) below, where 0 = n < oo and faces come from the A,-factor. The
natural inclusion map of the singular chain complex S, C C, is a chain
homotopy equivalence.

Using this easily proved proposition we interpret any map A, X K — X fora
triangulated polyhedron K as a ¢-chain and then for a non-triangulated one
and define transfer using these chains.

0.3. Compact chains. In order to interpret any PL-map of the form
A, X K — X in the PL-category as a chain, we define in subsection 1.4 compact
chains as a quotient group of the group C,(X). In the second section compact
chains are used to construct transfer maps. It should be noted that Munkholm
has defined transfer map for PL-fibrations on the chain level [Mu], and we
have used his ideas in the present note. In some sense, we show here how to use
Munkholm’s chain level map to enhance Smith’s construction to singular
fibrations with non-discrete fibres.

I would like to thank Professors L. Smith, R. Oliver and S. Weinberger for
illuminating discussion on transfer.
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1. Compact chain complexes

Consider the chain complex C, from 0.2 above. The set of generators for
C,(X) are maps a: A, X A, — X subject to the following collapsing relations.
For any order preserving simplicial collapse map (degeneracy) S;: A, ., —~ A,
given on barycentric coordinates by

(11) Si:(to, tl' ..t,‘. . .,tn+1) g (to,. . .ti+t,'+|, seeyene tn+1)
the map « above is identified with the composite a o (1 X S)):
Ay XA 1~ A XA, — X

The free abelian group C,(X) on the equivalence classes [«] = [«-S;] is called
the group of thick q-chains. The i-th face of a generator [«] as above is given by
[a-d;] where
diiA,_ XA, 25 A, XA,

since d; and s; operating on different factors of A, X A, is well defined on
equivalent classes.

There is an obvious inclusion map j,: S,(X)— C,(X) from the singular
chain complex S, (X) to the thick chains given by j,: (A, = X) — A, X A — X.

1.2. PRrOPOSITION. The inclusion j, is a chain homotopy equivalence.

ProOF. To define a chain homotopy inverse for j, let ¢, : C,(X)—S,(X) be
the “evaluation at the first vertex map” sending the class [«] represented by
a:A;XA,—~X to the restriction of a to A, XA, Namely ¢,(x)=
a(x,(1,0- - -0)), where S €EA,. The value of g, X (a) certainly does not depend
on the representative a&€[a], as can be seen by inspecting the equivalence
relation given in (1.1) above. Now clearly ¢, is a chain map and ¢, ¢ j, = |;,.
To construct a homotopy H, between j, © ¢, and 1¢, let H, be the homotopy in
A, that shrinks 1, to the collapse A, —~A;—A,. Thus H:I X A,—A, with
H(t,x)=(,0---0)4+ (1 — t)x in barycentric coordinates, xEA,, 0=t = 1.
Given an equivalence class [«] € C,(X) with representative a: A, XA, —~ X,
define h,: A, X A, XA, =~ Xtobe H,(y, t,x)= oy, H(t, x)). Now let ZZ7+!
be the canonical chain in S, , (A, X A;) gotten by the standard triangulation of
that prism: Z;:A,,,—~A, XA,. Then we can take the value of the chain
homotopy H,: C,(X)— C,(X) by

(1.3) H,,(a)=2 H,°(Z;X1)
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where Z; X 1 is the map
A1 XA, —~ A, XA XA,.

It is a straightforward verification that the value H, () depends only on the
equivalence class [a] of « and thus that / is a well-defined chain homotopy as
needed. ]

1.4. Compact chains. Given a map f: A, X K— X where X is a triangu-
lated polyhedron, one can immediately associate with it a well-defined element
in C,(X), namely

fl=3 (- 1)"[A,,XA,, -, X]; n =dima
€K’

where f; is the restriction of fto the space A, X A, and where 6: A, C K’ is an
ordered n-simplex in the standard barycentric subdivision X’ of K. Our main
interests lie in chains gotten as [ f] above, modulo a certain equivalence
relation (1.7). We consider next the category CPL(2) of compact polyhedra
pairs and PL-maps between them (see [R-S]). Using the usual procedures it is
immediate to check the following:

1.5. PropPoOSITION. The category CPL(2) of compact polyhedral pairs is an
admissible category in the sense of [E-S].

PrROOF. Straightforward.

1.6. REMARK. We now proceed to define another chain complex functor
on CPL(2), whose homology can be easily seen to satisfy the Eilenberg-
Steenrod axiom for a homology functor on an admissible category of pairs.
These chains are necessary in order to render the transfer map defined in
Section 2 below natural on the level of chains.

These chain groups are certain quotient groups of C,(X) in which two
different triangulations of the same PL map A, X K — X will yield the same
element. The quotient group will be called the group of compact chains of X
and will be denoted by CC,(X). The group CC,(X) is a group of equivalence
classes in C,(X) under ‘Euler equivalence’ defined as follows:

1.7. DEFmNITION.  Two O-chains 2f;, Zg; in Cy(X) where £, g;: A X A, — X
are Euler equivalent if for any point x € X one has the equality

2 x) =2 x(& ')
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(in words, if they give the same ‘weight’ to each point x €X via the Euler
characteristic of the inverse image). Two g-chains in C,(X), namely Zf;, Zg;
where f;, g;: A, X A, — X, are Euler equivalent if for any ¢ €A, the correspond-
ing O-chains Xf;(¢, —), Zg;(t, —) are Euler equivalent as O-chains.

1.8. REMARKS. (i) The above definition makes sense, since for any x €X
the space f~!(x) is a compact polyhedron so that its Euler characteristic x is
well defined.

(ii) Using a group map Z — G one can define Euler equivalence with respect
to a quotient group G.

1.9. DEFINITION AND PROPOSITION. The Euler equivalence relation
respects the group law in C,(X) and therefore one can form the quotient group
CC(X) = C(X) ~ called the group of compact chains.

1.10. PropPOSITION. Let K’, K” denote two triangulation of K. Then any
p.d.maph: K X A,— X will yield via 1.4 Euler equivalent g-chains, so that any
p.l. map h defines a unique element in CC,(X).

Proor. Change of triangulation does not affect the Euler characteristics.

The main technical result of this section is

1.11. THEOREM. The natural quotient map C(X)— CC(X) induces an
isomorphism on homology.

Proor. Itis not hard to check that the homology of CC,(X) satisfies all the
Eilenberg-Steenrod axioms for integral homology. The proof parallels the
usual proof for singular chains except one must remember that CC,(X) isnot a
free abelian group and modify the proof to take this into account. The only
slight difficulty arises, in proving excision where one needs to consider
compact chains dominated by a cover. For this, one takes a thick ¢g-simplex
A, X A, — X and subdivides both A, and A,.

2. Transfer on compact chains

It turns out that for every simplicial map n: K— L there is a natural
“pre-transfer” map 7,: C,(L)— CC,(K) from the simplicial g-chains on L to
the compact ¢-chains on K. However, this map is not in general a chain map.

If = is a PL-fibration then one can see that 7, is in fact a chain map.
Moreover, in certain other cases one can modify %, so as to turn it into a chain
map. In particular we consider here maps that are Serre fibrations away from a
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subcomplex W C L that is small enough in a well-defined sense. The motivat-
ing example is due to L. Smith who considered the case when all fibres are
discrete [S, pp. 490-491].

2.1. DEFINITION OF %,. Notice that for any simplicial map n: K —A, to
the standard g¢-simplex A, there corresponds a canonical map 7 over A,:
One has a commutative square:

%

A, XK, - K
pr.l l"
A, = A,

such that:

(i) K, is the inverse image of the barycenter b €A, with the induced
simplicial structure.

(i1) 7 is a relative homeomorphism.

(i) Let A,_, C A, be a face and let dn: 6K — A, _, be the restriction of 7 to
n~'(A,-,)=0K,. Let the map v : K, — 0K, , where 0K, is (9n) ' (barycenter «
of A,_,) givenby y =7 | {a} X K,. The following diagram is commutative:

res i (o#) v
Ao i XKy — A, XKy = K — 0K «— A, X0K, — A XK,

Q2 | | ") = |

Ay, — A = A — AL = AL = A,
The map y sends the barycenter é, of ¢,€K, to the barycenter é, of
e,:=e, N~ '(A,_,), and therefore preserves order on the simplices.

Just asin [H, p. 105] it suffices to consider the case K is A, with the canonical
triangulation, # simplicial. Then these facts follow immediately from natura-
lity with respect to face and collapse from the corresponding statement for
K =A,, i.e. for simplicial map A,, — A,. These in turn are easy to check, e.g.,
by the formulae given in [Z].

Now for a simplicial map n : K — L of simplicial complexes with 7 !(x) a
compact polyhedron for each xE€L one can define a pre-transfer
map 7: C,(L)— CC,(K) that is not, in general, a chain map. 7, is defined by
naturality via its value for a map z: K — A, . In the last case one defines 7(z,),
where 1, is the identity simplex A, C A, in C,(A)), to be the class in C,(L) of the
map #,: A, X K, — Kover A,. For a general 7 : K — L one takes the value of 7,
on a g-simplex g €L to be the composition
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(2.3) A, XK, — K,~K

where K, =n"Yo),n,==n | K,, and b is the barycenter of o. One can now use
Hatcher’s characterization of PL-fibration [H] to prove the following:

2.4. THEOREM. Ifn:K— L isa PL-fibration with a compact fibre, then the
pre-transfer map 1, defined above is a chain map.

2.5. ProposITION. Let n: L — K be a simplicial map. Assume that for
each x €X the Euler characteristic y(n~'(x))=k, a fixed integer. Then
dXn

the mapA, X L =" A, X K represents k-times the class of the identity
map A, X K—A, X |K| in C,(5, X |K]).

ProoF. It is enough to prove the result for K = A, for n = 0. In this case it
is immediate from the equivalence relation, and the definition of y(zn ~!(X)).

2.6. Transfer for singular PL-fibrations. We now show how to modify 1,
for PL-fibration with a small singularity (compare [S, p. 491]) so as to be a
transfer map 7, on chains.

2.7. DEFINITION. A PL-fibration n : K — L with singularity along W C Lis
a PL-map such that x is a Serre fibre map away from W.

EXAMPLE. Assume G = Z/pZ acts simplicially on M, then M — M/Gis a
PL-fibration with singularity along M¢ C M/G.

We say that the singularity W C L in a singular PL-fibration is small if, for
any point w € W, there are arbitrarily small neighborhoods U of w such that
U — W is connected and non-empty: for example, if L is a manifold and W a
subpolyhedron of codimension two.

Let m: K — L be a singular PL-fibre map with compact fibres, and singular
subset W C L. Take a triangulation of L with W subcomplex. To define t(g,)
let g, €L be a g-simplex. If g, & W we put 1(g,) = ©(q,). If 5, EW, it follows
from the smallness condition on W that g, is a face of some g,,,€EL — W.
Assume g, = ¢}, for some g, ., as above.

2.8. DEFINITION. Let o, = 0¥}, for some g,,, as above. Set 7,(c,):=
10(g, ), namely, the i-th face of the transferon g, ,EL — W.

2.9. PROPOSITION. The value of t,(a,) in C,(K) does not depend on the
choice of the relation o, <a).,.

Proor. Since W is small let U be a simplicial neighborhood of the
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barycenter x € g, such that U — Wis connected. We can assume that the star of
o,isin U. Let &, ., be another simplex with ¥}, = g, so that g, , = (V}, g,)

while 6,,, = (¥}, 6,) and for some vertices V;, V;EL — W. By assumption of

smallness we can assume that the one simplex (¥}, ¥;) is in LW, since there
must be a chain of l-simplices connecting V; to V;. Consider the

(g + 2)-simplex g, ., whose vertices are V;, V; and those of g,.
The map A, X F;, —n~(a,) given by (4.19) is by definition the restriction of
the canonical map

fi: A XFi—~n"Y0)

where F,is n~!(6;), the inverse image of the barycenter g, of ¢;. But since by [H]
and Lemma (2.2) the map considered above

W:Aq+l XF&,H_’Aq-H XFx

gives the identity chain, one has that 7,(c,) is also given by the restriction over
g, <d,., of the canonical map

%
A2 XF,,,— K
for the restriction
| 042) = Oy

By the same token this last chain is equal to the corresponding chain defined
using 6,4, <0,4;.
In conclusion one has:

2.10. THEOREM. For any PL-fibre map K — L with small singularity set
W C L there is a chain map

1: Cy(L)— CC (K)

where C, denotes simplicial chains. This chain-level transfer has the usual
properties:
(i) The composition

Co(L)— CC(K)—~ CCy(L)

induces multiplication by x(F) on homology groups.
(ii) 7 is natural w.r.t. inclusion of subpolyhedra L, C L.

2.11. REMARK. It can be easily seen that the transfer map for singular fibre



140 E. DROR FARJOUN Isr. J. Math.

maps cannot, in general, respect the Steenrod algebra action in (co)-homology.
One considers the well-known map CP?—S$* gotten by dividing out the
conjugation action on CP? by complex numbers z with | z| = 1. The singular-
ity subset in RP* C S$* over which the fibres consist on only one point.

Proor. Condition (ii) follows from (2.2), while (i) is immediate from 2.5.

2.12. Properties (1)-(3). It is not difficult to verify the validity of natura-
lity with respect to composition. Notice that (3) follows very naturally in the
present context,

3. Oliver transfer

Assume G is a compact Lie group acting on the left on X. In many situations
one may assume that X — X/G, the projection to the orbit space [which is
written here to the right to conform to standard notation], has nice simplicial
triangulation in the sense of Illman [I]. In this case one can decompose X as a
union of Illman’s equivariant simplices

I
3.1 X=—— A(G;HS,..., H?
(3.1) 5. EXIG (G; H§ )

where the union is taken over all simplices of X/G and H{ C - - - C HJ are
closed subgroups of G. If 1) < 1, is a face relation in X/G, then

A(G; HY)'Z <AW(G; Hi) o

is also a face relation in X.
Now let H be a closed subgroup of G. We define a transfer chain map

7,: Cy(X/G)— CC,(X/H)

from the simplicial chain complex of X/G using the above triangulation as
follows: For every o, generator of C,(X/G) consider the inclusion

A(G; HS- - -Hy)— X
of [I]. This gives a map
#(0):A, XG—A(G,H?)— X.
By factoring out both sides by the action of H we obtain a map:

T/H:A, X G/IH—X/H.
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Now since G/H is a compact polyhedron we define
3.2) 1,(c) =[i/H)€EC,(X/H).

We need to show that 7, commutes with face operators. But this is checked
over each closed simplex. So we may assume X/G = A,. The commutativity
now follows from that of the following canonical diagram:

An—IXG—_’ AnXG

| |
(3.3) A, (G H) — A(GH) — X
| | |
A,y — A, — XIG

It is easy to see that 7, , as a chain map, has all the usual properties of transfer.

3.4. Reducing the dimension of the singular subset. S. Weinberger sug-
gested that the construction of Oliver’s transfer for a map X/H — X/G can be
gotten directly from 2.10 above by taking a product X X S’ so as to increase
the codimension of the singularity set X C X/G. This can be achieved by
picking a linear representation, say p: G —C”" with $? = (C")/« the corre-
sponding sphere with an action of G that leaves the point 0, .0 €S fixed. We
choose the representation p such that S?/H — S§?/G is a singular fibration with
fibre G/H and with singularity set W of codimension = 2. Now if W, is the
singularity set in S$*/G, then the orbit over S?/G — W is G/H thus the orbit
over (S?/G) X X — W X X is also G/H and the singularity is at most W X X,
which is of codimension at least 2 in (§7/G) X X. Since {0} X Xis a retract of
S§? X Xin a G-equivariant way the map X/H — X/G is aretract of S Xy X —
S*? X H; we get a transfer to the former as a retract of the transfer to the latter
guaranteed by 2.10 above.
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